
 

Riemmanlntegration

Def A b E IR as b A partision of the
closed interval a b is A Xo ex s can b

ii s
the width of the partision is m xn Hi Hi i

Deff f a b t R A Reimman sum of f is
S FIZ fini Xi Xi i

where d i E Xii Xi

Def f a BI H R is Reimman integrable if
1 I C R s t V E 0 I J O s t

I s I l s E for all Reiman sums with
width less than 8 fiqh Xi Ki i l O

In the case I is called the Reimman Integral of f



between a and b denoted as I Sabfexidx

Example

111 f Ea b to R fix C a constant for all X
A Xo s X c s An is An b is a partition ofEaBI

di E Xii Xi

S 7 flail Xi Xi i CIE Xi ti il Cl b a

K f o D H R fall X
O Xo X s c Xu i An I di E Xii Xi

S 7 flail Xi Xi width F Max fxi xi.itI E ien

so Xia Lai Xi On the other hand

Xi c Xitz x

so I di xitz c max 1Xi Xi it JKien

Since I f xi Xi Xi i

I Iz XE Xii I 112 04 I



Let E 0 sheet F E

Thus Is If i fail Hi HiI I l
2 Xi Xi Xi it iI Xi Xi

e 7 Idi xitz Xi Xi i

JIE Xi Xi11 8 9
Thus I fixidx I E

Properties f Ea b t IR g a b R

C EIR fig are Reimman integrable

Prove

I fabffcxitgcxddxfabfoxidxtfabgcxldx.cz
fabcfcxidxcfabfcxidx.ieintegral operator Jjdx is linear

prooff
a hot E 0 since f andg are Reimman integrable



I 8 Oz O sit If Sf is a Reimman sum of
f with partition width c di and Sg is a

Reimman sum ofg with partition width ok
1 Sf Sabfaadx I e Ek
lSg Jabguidxl a El 2

Since the Reimman sum sftg i.IE g Hillxi xiD

Effc2i1lxi xi iltE4gldil Hi HiD Sf t Sg

Select F min fo 023 If Sfg is a Reimman

sum with partition widths 8 then

Iffigg Sabfixidxtfabgandx l Kst Sabfixidx

g fabgcxidxl lsf sabfixidxl lsg f.bg did
Et t Ek E

Thus fabftgscxsdxfabfcxidxtfabgcxidx.cz
is similar to 41



Proposition

f a b R integrable fix o V XELa.to

then fabfoxidx 30

Corollary fEa b HR integrable fox glxl.Vxcta.is
then fabfcxsdxs
fabgtxldx.PHconsider 41 1 fix gex 30 V XELa.to

then fabflxidx fabglxldx f.bghadX 30

So Jabfixidx fabgunDX

Corollary f a b HR integrable mefcxieM.Vxe a.hn

then mlb a E fabfoxidxs Mlb a

Lemme f a b R f is integrable ten

I 8 0 sit Is S l s E if 8 and Sz are

two Reiman sums with widths 8



proof
Let E o since f is integrable I 0 0

sit I S JabfixidxI s Ek if S is a Reiman

sum with width O

Let Si and Sa are Reiman sums of f with
partition widths 8
Then IS Sal E IS fabfixidxltlfabtcxldx.SI

Ek t Ek E

Let E th 7 rn o s't

I SH Sh l t if s n and Sn are two
Reimman sums with partition width On

Now we assume In 1 s On

Select N E if n m N then

I Sn Sm Is mingn.mg E Tv E

this shows that Sn is Cauchy then Sn I

Let E O N te if S is a Reimman



with partition width sit IS II Els Sml
ISm It s E to E


